Introduction and Notation
Müntz's beautiful classical theorem characterizes sequences (λ j ) ∞ j=0 with 0 = λ 0 < λ 1 < λ 2 < · · · for which the Müntz [a, b] is the space of all real-valued continuous functions on [a, b] ⊂ Ê equipped with the uniform norm. Go, Mü, Szá] states the following. [Mü] in 1914, by Szász [Szá] in 1916, and anticipated by Bernstein [Be] was only for sequences of exponents tending to infinity. The point 0 is special in the study of Müntz spaces. Even replacing [0, 1] 
Theorem 1.B (Full Müntz Theorem in
C[0, 1]). Suppose (λ j ) ∞ j=1 is a sequence of distinct positive real numbers. Then span{1, x λ 1 , x λ 2 , . . . } is dense in C[0, 1] if and only if ∞ j=1 λ j λ 2 j + 1 = ∞ . Moreover, if ∞ j=1 λ j λ 2 j + 1 < ∞ , then every function from the C[0, 1] closure of span{1, x λ 1 , x λ 2 , . .
. } is infinitely many times differentiable on (0, 1).
The new result of this paper is the following. 
Auxiliary Results
The following result is the "bounded Remez-type inequality for non-dense Müntz spaces" due to P. . [Ne] ). We state this as Theorem 2.4. Repeated applications of Theorem 2.4 with the substitution x = e −t imply that 
We will also need the bounded Bernstein-type inequality below (see [Bo-Er3, page 182].
Theorem 2.5 (Bernstein Type Inequality for Non-Dense Müntz spaces). Suppose
is a sequence of distinct positive numbers satisfying γ 1 ≥ 1 and The following simple fact will also be needed. 
Proof of Theorems 1.1
Proof of Theorem 1.1. The first part of the theorem is contained in Theorem 1.B, so we need to prove only the second part. Suppose (λ j ) ∞ j=1 is a sequence of distinct positive numbers satisfying
Then there are positive numbers η, β j , γ j , and δ j such that
where
and with Γ :
(c(Γ, 1/2) is defined in Theorem 2.1). Let
and
Every Q ∈ H β +H γ can be written as Q = Q β +Q γ with some Q β ∈ H β and Q γ ∈ H γ . First we show that there are constans C β and C γ depending only on H β and H γ , respectively, so that
for every Q ∈ H β + H γ . Suppose to the conrary that, say the first inequality fails. Then there are Müntz polynomials Q β,n ∈ H β and Q γ,n ∈ H γ so that
Then by Theorem 2.4 {Q β,n : n = 1, 2, . . . } is a family of bounded, equi-continuous functions on [1/3, 1], while {Q γ,n : n = 1, 2, . . . } is a family of bounded, equi-continuous functions on [0, 2/3]. So by the Arzela-Ascoli Theorem there are a subsequence of (Q β,n ) (without loss of generality we may assume that this is (Q β,n ) itself) and a subsequence of (Q γ,n ) (without loss of generality we may assume that this is (Q γ,n ) itself) so that 
is well-defined. By (3.4) -(3.7) we can deduce that
Using (3.3), (3.8), Theorem 2.4, and
Note that (3.3), (3.5), and (3.7) imply that h This contradicts the facts that h(0) = 0 and h [0,1] = 1. Hence the proof of (3.1) is finished. The proof of (3.2) goes in the same way, so we omit it. Let H denote the uniform closure of a subspace H ⊂ C [0, 1] . We want to prove that H β + H γ + H δ ⊂ A, where A ⊂ C[0, 1] denotes the collection of functions f ∈ C[0, 1], which can be represented as an analytic function on {z ∈ \ (−∞, 0] : |z| < 1} restricted to (0, 1). Since H δ is finite dimensional, Theorem 2.6 implies that
so it is sufficient to prove that (3.10)
H β + H γ ⊂ A However, (3.1) and (3.2) imply that
where H β ⊂ A by Theorem 2.3 and H γ ⊂ A by Theorem 2.2. Hence (3.10) holds, indeed, and the proof of the theorem is finished. £
